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ABSTRACT:   
Present work is an attempt to compare quantum discord and quantum entanglement of 
Werner states formed with the four bipartite entangled coherent states (ECS) used recently 
for quantum teleportation of a qubit encoded in superposed coherent state. Out of these, two 
based on maximally ECS are exactly similar to the perfect Werner state, while the rest two, 
based on non-maximally ECS, which are called quasi-Werner states behave in somewhat 
different ways and their quantum discord and entanglement depends on the coherent 
amplitude and the measurement basis.  
 
I. INTRODUCTION 
Quantum correlations have been comprehensively accepted as the main resource for 
different quantum information processing tasks. Einstein et al [1] and Schrödinger et al [2] at 
the outset introduced the concept of quantum correlation exhibited in a non-separable 
bipartite quantum state and this was called quantum entanglement (QE). Concurrence [3], 
Entanglement of formation [3], Tangle [4] and Negativity [5], defined by various researchers, 
quantify the entanglement existing in a bipartite or multipartite quantum state. Significant 
number of theoretical and experimental schemes [6-12] have been proposed for generating 
the entangled states based on photonic [6], atomic [7-9] and coherent state [10-12] qubits. 
Motivation behind all these works related to entanglement is due to its fundamental nature 
and its application in quantum information processing tasks like quantum computation [13], 
quantum teleportation [14], quantum dense coding [15], and quantum cryptography [16]. 
 However, it has been discovered recently that QE is not the only type of quantum 
correlation and consequently the measures of QE like concurrence or entanglement of 
formation cannot be considered as a complete measure of quantum correlation. More 
explicitly, non-zero entanglement guarantees the presence of quantum correlation, but zero 
entanglement do not guarantees the absence of quantum correlation in a bipartite quantum 
state. Zurek et al [17] proposed quantum discord (QD) as a measure of quantum correlation 
defined as, discrepancy between two corresponding expressions for classical mutual 
information, one obtained by using conditional entropy and the other by performing local 
measurement on any one of the subsystem. Classically the two mutual information are 
equivalent. Since QD is based on the total correlation (mutual information), it is capable to 
sense correlation in non-separable (entangled) as well as in separable states. It is well known 
that for pure bipartite quantum states, entanglement of formation and QD are equal, while for 
mixed separable states QD can take non-zero value. Appreciable amount of works related to 
theoretical development of QD [18], its dynamical property under the effect of decoherence 
[19] and its comparison with QE have been done over the past decade [20].  Boixo et al. [21] 
proposed a protocol known as quantum locking of classical correlations and shown that QD 
allows us to have negligible size key for an encrypted classical message, while with classical 
resources we must have key of size comparable to message to approach unconditional 
security. QD plays an important role in investigating the power of schemes for quantum 
computation without QE [22]. Lei Wang et al [23] shown how to teleport a single qubit state 
using only non-zero QD and state tomography regardless of if there is QE or not. Thus QD 
not only explores the quantum correlations, but also promises for quantum information 
processing applicability. 
Superiority of QD over QE in sensing the quantum correlation and its applicability 
attracted researchers to investigate the dynamics of QD in different quantum mechanical 
systems, like bipartite two-level atomic system interacting with a cavity field [24], quantum 
dots [25], spin chains [26] and in different quantum states like bipartite Bell diagonal state, 
bipartite X class states [27] and multi partite states [28]. These studies are important as they 
can help us in retrieving the quantum properties of the system as well as can act as tool for 
development of QD theory. Usually the system is constructed of superposition of orthogonal 
states. For instance the Werner state based on standard Bell basis uses states like 1,0 , and 
of course properties of QD of these states are well known.  Our interest here is to see what 
kind of properties of QD will appear if we have superposition of non-orthogonal states. One 
such system is bipartite superposition of Glauber coherent states of radiation that are π radian 
out of phase also called entangled coherent states (ECS) [29]. The QE [30] and statistical 
properties [31] of ECS have already been studied by many authors. ECS serves as a resource 
in universal quantum computation, teleportation and for quantum networks. Since ECS are 
pure states, there will not be any difference between QD and Entanglement of formation. In 
this paper, we consider the quasi-Werner mixed states based on ECS and study how non-
orthogonality of the basis influences OD and entanglement.  
 
II. QUANTUM DISCORD AND ENTANGLEMENT 
Consider two random variables X and Y. The classical mutual information (total classical 
correlation) between the variables is given by 
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The conditional entropy measures how much uncertainty is left, on average, regarding the 
value of X, for given value of Y. It can be written as 
)(log)()()()()( yxpyxpypyYXHypYXH
Yy XxYy
∑ ∑−==∑=
∈ ∈∈
. 
Using Bayes rule, )(),()( yYpyYXpyYXp ==== , above definition of conditional 
entropy reduces to 
)(),()( YHYXHYXH −= .                                                                                              (2) 
Using equation (2) in equation (1) we get another expression for classical mutual information,  
)()():( YXHXHYXJ −= .                                                                                             (3) 
Zurek et al [17] generalized the two equivalent expressions (1) and (3) of the classical 
mutual information to quantum systems. Replacing the probability distributions with density 
matrices and the Shannon entropy with the Von Neumann entropy )log()( ρρρ TrS −= in 
equation (1), one has 
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where Xρ  represents the reduced density matrix. 
In quantum theory, conditional entropy can be obtained by applying measurement over 
system Y. Zurek et al [17] assumed a perfect measurements of Y defined by a set of one-
dimensional projectors }{ YjΠ , such that 1=∑Π
j
Y
j . The state of X after this measurement is 
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can be written as 
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The two classically equivalent expressions (1) and (3) for mutual information, lead to 
quantum mechanical expressions (4) and (5), respectively. Expressions (4) and (5) are not 
identical and QD is defined as the difference, 
)()(- )():():():( }{,}{}{ YjYjYj XYXY SSSYXJYXIYXD ΠΠΠ +=−= ρρρ ,                      (6) 
and the minima of this is defined as 
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Zurek et al [17], plotted D for state, ]00111100[]11110000[ 221 +++= aXYρ , 
with  10 ≤≤ a , for various values of a and measurement parameter θ , evaluated for 
measurement basis state }1cos0sin,1sin0{cos θθθθ φφ −+ −ii ee  with .1rad=φ  The 
values of a and θ  in their plot [17] ran from 0 to 1 and from –π to π respectively. The plot 
showed minimum value of D at 0=a , 0=θ  and the authors remarked that only in the case 
of complete einselection 0=a , there exists a basis for which discord disappears. We 
repeated the calculations for this problem and obtained the expression for QD in the form, 
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This is evident by the fact that eigenvalues of Yρ and XYρ are, ( 2/1± ) and ( 2/]1[,0,0 a± ) 
respectively, and eigenvalues of Y
jX Π
ρ  for j=1, 2 are )2/])2sin)1(1(1[,0,0( 2/122 θa−−± . 
We plot D given by equation (8) in Fig.1, which shows that D is periodic in measurement 
parameter θ  with minima at 0=a , pipiθ ,2/,0= , while in Ref. [17] only one minima has 
been shown in the domain piθpi ≤≤− . Also it must be noted that Zurek et al [17], used 
rad1=φ , while from equation (8) it is clear that the value of D does not depends on the phase 
angle φ  whatever be the value of θ . Although this agree with the same remark of Zurek et al 
[17] that only in the case of complete einselection 0=a  there exists a basis for which QD 
disappears, but the correct expression and plot of D for this particular state are those given by 
equation (8) and Fig.1, respectively.  This becomes clear also by putting 1=a  which gives, 
from equation (8), 1=D , as is shown in Fig. 1, while Zurek et al [17] show 7≈D  in their 
Fig.1. 
Concurence and entanglement of formation are the two frequently used measures of QE 
for a bipartite state. Wootters et al [3] defined concurrence as, 
 )}(,0max{ 4321 λλλλ −−−=C ,                                                                                       (9) 
where 4321 ,,, λλλλ  are the non-negative square roots of eigenvalues of the matrix XY)~( ρρ , 
with yyXYyyXY σσρσσρ ⊗⊗= )(~ * , in decreasing order. Entanglement of formation is 
defined as a monotonic function of concurrence by the relation, 
)1log()1(log)( xxxxxHE −−−−== ,                                                                          (10) 
where H is the Shannon entropy function and 2/)11( 2Cx −+= . 
 
III. QUANTUM DISCORD AND ENTANGLEMENT OF QUASI-WERNER STATES 
BASED ON ECS 
The coherent state of radiation, defined as the eigenstate of annihilation operator a, 
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is used to encode a qubit when superposed with α− . Since α±  are not orthogonal, a 
orthogonal basis is obtained by considering odd and even coherent state ±   given by 
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2α−
= ex ,                                                 (12) 
Consider four bipartite entangled coherent state 
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It is easily seen that the two states −ψ  and −φ  are maximally entangled states with 
unit concurrence, while the states +ψ  and +φ  are non-maximally entangled with 
concurrence 144 )1)(1( −+−= xxC  and are non-orthogonal mutually. However, these become 
almost maximally entangled and almost orthogonal for appreciable mean photon numbers. 
These four states (equation 15) in the limit of large mean photon number form a complete 
orthogonal basis just like standard Bell states. Werner mixed states are given by 
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4
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ECS, instead of Bell states, we get 
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 Since the states in equation (15.b) are maximally entangled states, therefore, ),( a−ψρ  
and ),( a−φρ  are equivalent to perfect Werner mixed states. The rest two states are non-
maximally entangled and therefore, states ),( a+ψρ  and ),( a+φρ are known as quasi-Werner 
states. We are interested in exploring difference in dynamics of discord of quasi-Werner 
states to that of perfect Werner states. Density matrix ),( a+ψρ  is given by, 
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Eigenvalues of this matrix are,  
{ 4/)31(,4/)1(,4/)1(,4/)1( aaaa +−−− }.                                                                    (18) 
Eigen-values of reduced density matrix ),( aY +ψρ  are, 
 { )4/()(2/)1(),4/()(2/)1( 4242
−+++ +−+− NanaNana }.                                                  (19) 
To calculate conditional entropy, we perform complete measurement of quantum mode Y 
defined by a set of one-dimensional projectors },{}{ 1100 pipipipi≡ΠYj  where 
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respectively, with probability 0P  and 1P given by 
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The eigen-values of  YX 0Πρ  and YX 1Πρ are respectively, 
}4/)1(1,4/)1{( 00 PaPa −−−                                                                                           (23) 
and  
}4/)1(1,4/)1{( 11 PaPa −−− .                                                                                          (24) 
Using equation (18, 19, 23, 24 and 6), QD for quasi-Werner state ),( a+ψρ  is given as 
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where 1,0P  are defined by equation (22). One can verify that QD for quasi-Werner state 
),( a+φρ   is equal to that for ),( a+ψρ . It should be noted that in this paper, log is taken at the 
base 2. Following the same procedure, quantum discord for Werner 
states, ),( a−ψρ , ),( a−φρ is given by 
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From equations (25, 26), it is clear that QD of quasi-Werner states, D given by equation 
(25), depends upon the mixing parameter ‘a’, measurement parameterθ  and mean photon 
numbers, while QD of perfect Werner state D′  given by equation (26) is independent of 
measurement parameter and mean photon numbers. Fig. 2 shows the variation of 
}{):( YjYXD Π   with ‘a’ and θ , for different values of mean photon numbers. Fig. 3 shows the 
variation of }{):( YjYXD Π′ with ‘a’. From Fig.2 it is clear that QD of quasi-Werner states 
increases as mean photon number increases and for appreciable mean photon numbers, it 
becomes independent of measurement basis and behaves almost similar to that for perfect 
Werner state (Fig. 3). However, for small mean photon number, }{):( YjYXD Π  depends 
effectively on measurement basis with minimum at pipiθ ,2/,0= .  
It is very interesting to see that for very small mean photon number 02.02 ≤α , 
}{):( YjYXD Π  show different nature against both ‘a’ and θ  as compared to that for 
02.02 >α .  For 02.02 ≤α  and 2/0 piθ << , }{):( YjYXD Π  first increases with ‘a’ and then 
decreases almost to zero at a=1. For 02.02 >α  and 2/0 piθ << , the value of }{):( YjYXD Π  
first increases and then decreases to some appreciable nonzero value at a=1. For 2.02 >α  
and 2/0 piθ << , value of }{):( YjYXD Π takes general increasing nature with increasing ‘a’ 
which is similar to that for 2/,0 piθ =  for which minimum of quantum discord occurs.    
Using 2/piθ = , in equation (25), we plotted minimum QD of quasi-Werner state, 
]):([min):( }{}{}{ YjYjYj YXDYX ΠΠΠ =δ  in Fig. 4, from where it is clear that minimum QD, 
}{):( YjYX Πδ  of quasi-Werner states also depends on mean photon number and increases 
with increasing the value of mean photon number.  
Eigen-values of matrix YX ,)~( ρρ for quasi-Werner states ),( a+ψρ and ),( a+φρ  are same 
and given by 
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Eigen-values of matrix YX ,)~( ρρ for perfect Werner states ),( a−ψρ and ),( a−φρ are same, 
given by 
]4/)31(,4/)1(,4/)1(,4/)1[( aaaa +−−− .                                                                      (28) 
Using equations (9-10) and (27-28), we have plotted the entanglement of formation (E) 
and Difference between QD and entanglement of formation ( E−δ ) for quasi-Werner state 
and Perfect Werner state in Fig.4 and Fig.3 respectively.  
 
IV. DISCUSSION AND SUMMARY 
In section III, we considered Werner forms based on ECS. Use of maximally ECS instead 
of Bell states gives perfect Werner state for which QD depends upon the mixing parameter a 
and not on measurement basis. This is evident by the fact that perfect Werner states are 
invariant under local operations. From Fig. 3, it is clear that for a > 1/3, entanglement of 
formation increases with higher rate than QD, which in turn implies that as the state reaches 
to less mixed nature the quantum correlation increases, but contributes more to the 
entanglement than the quantum discord.  
Use of non-maximally ECS instead of Bell states gives quasi-Werner state for which QD 
depends on mixing parameter a, measurement basis and mean photon numbers. For small 
mean photon numbers it is found that QD is small and more sensitive to measurement basis, 
it disappears at pipiθ ,2/,0= . As mean photon number increases, the QD increases and 
becomes less sensitive to measurement basis. Fig.4 shows that maximum difference between 
QD and entanglement of formation for large mean photon number occurs in the range 
5.04.0 << a , while for small mean photon numbers this range shifts to slightly higher values 
of a.  
In section II, we pointed out a computational mistake in Ref. [17] about the QD of the 
state ]00111100[]11110000[ 221 +++= aXYρ , for which it was reported that QD, 
in case of complete einselection, i.e., 0=a , disappears at 0=θ and has nonzero values at 
pipiθ ,2/,0=  [see Fig.1 in Ref. 17]. However we revaluated this and found that QD, in case 
of complete einselection i.e., 0=a  disappears at pipiθ ,2/,0= . Also from equation (8) it is 
clear that QD does not depends on the phase angle of measurement basis, while in Ref. [17] 
.1rad=φ  is used. 
In summary we studied the quantum discord and quantum entanglement of Werner states 
formed with the four bipartite entangled coherent states (ECS) used recently for quantum 
teleportation of a qubit encoded in superposed coherent state. It is found that, if 2α  is not 
too small, for both Werner state and quasi-Werner states, QD and entanglement of formation 
increase as mixing parameter a is increased (i.e., when mixedness of quantum state 
decreases), but this increase in quantum correlation contributes more to quantum 
entanglement than to QD. QD of perfect Werner states due to its invariant nature under local 
operation is independent of measurement basis, while for quasi-Werner states it depends 
upon measurement basis as well as on mean photon number. However, for large mean photon 
numbers since quasi-Werner states tends to perfect Werner state, therefore dependence of QD 
on the measurement basis disappears.  
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Fig.1: Variation of D (Eq. 8) with respect to ‘a’ and measurement parameter θ. 
 
 
 
  
 
 
 
 
  
 
Fig.2. Variation of quantum discord (D) of quasi-Werner states with respect to measurement 
parameter (θ ) and mixing parameter (a) for different values of mean photon number ( 2α )  
 
Fig.3. Variation of Entanglement of formation (E), minimum discord (δ  or D’) and their 
difference ( E−δ ) for Perfect Werner states. 
 
  
 
 Fig. 4. Variation of Entanglement of formation (E), minimum quantum discord (δ )and their 
difference ( E−δ ) for quasi-Werner states with respect to mixing parameter ‘a’ and mean 
photon number. 
  
 
